Extension for Jets of Holomorphic 
Sections of a Hermitian Line Bundle 

Dan Popovici 

Abstract. Let {X,oj) be a weakly pseudoconvex Kahler manifold, Y <Z X a closed 
submanifold defined by some holomorphic section of a vector bundle over X, and L 
a Hermitian line bundle satisfying certain positivity conditions. We prove that for 
any integer A; > 0, any section of the jet sheaf LcgiOx/^y^^, which satisfies a certain 
condition, can be extended into a global holomorphic section of L over X whose 
growth on an arbitrary compact subset of X is under control. In particular, 
if Y is merely a point, this gives the existence of a global holomorphic function 
with an norm under control and with prescribed values for all its derivatives 
up to order /c at a point. This result generalizes the extension theorems of 
Ohsawa-Takegoshi and of Manivel to the case of jets of sections of a line bundle. A 
technical difficulty is to achieve uniformity in the constant appearing in the final 
estimate. In this respect, we make use of the exponential map and of a Ranch- type 
comparison theorem for complete Riemannian manifolds. 



0.1 Introduction 

The problem of extending holomorphic functions, along with an control 
of the extension, from a subvariety of a complex manifold to this same com- 
plex manifold, was originally solved by T.Ohsawa and K.Takegoshi ([OT87]) 
and was subsequently generalized by L. Manivel ([Man93]) into the more ge- 
ometric framework of holomorphic sections of a Hermitian line bundle. The 
goal of this work is to further generalize the Ohsawa-Takegoshi-Manivel 
extension theorem to the case of jets of sections of a Hermitian line bundle 
over a Kahler weakly pseudoconvex complex manifold. Specifically, given a 
complex analytic manifold X of complex dimension n, a submanifold F, a 
Hermitian line bundle L over X, and a holomorphic section f of L over Y 
with good properties, we prove the existence of a holomorphic extension 
of / to X which satisfies an estimate and has, moreover, locally on Y, 
prescribed partial derivatives up to an arbitrary pre-given order. 

Let be the sheaf of germs of holomorphic functions on X which vanish 
on Y. For any integer > 0, let Ox/^y^^ be the nonlocally free sheaf of 
fc-jets which are "transversal" to Y. Its fibre at an arbitrary point y & Y 
consists of all Taylor series at y truncated to order k along the vertical 
directions to Y. We aim here at extending transversal fc-jets of sections 
of the line bundle of holomorphic L-valued {n, 0)-forms, namely sections 
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/ e A"T*X ® L ® Ox/'^Y^^). Equivalently, this amounts to extend- 

ing sections from the unreduced scheme y('=+^) defined by the quotient sheaf 
Ox/J^"^^ to the ambient manifold X. 

Assume from now on that the submanifold Y <Z X is defined as 

Y = {xeX] s{x) = 0, A'^{ds){x) 7^ 0}, 

for some section s e H^{X, E), generically transverse to the zero section, of 
a Hermitian holomorphic vector bundle E of rank r. Assume, moreover, X 
to be equipped with a Kahler metric uo. 

The first obstacle to overcome before even stating the result is to define 
a relevant intrinsic Sobolev-type L^^^ norm of a /c-jet. Since the jet sheaf 

Ox/Jy^^ is not locally free, we make the following ad hoc inductive defini- 
tion. Let / e H^{X, A"r*X®L® Ox/Jy"^^). The holomorphic vector bundle 
V := A"T^{8)L is canonically equipped with a metric induced by the metric of 
L and the reference metric c<; of X. Let V be the Chern connection associated 
with this metric of L', and V = V^'^H- V"'^ its decomposition into its (1, 0) and 
(0, 1) parts. Fix an arbitrary point y eY, and let C/ be a Stein neighbourhood 
in X giving rise to a surjective morphism H^{U, L') — > H^{U, V ® Ox/^y"^) 
of local section spaces. Let / G H^{U,L') be an arbitrary local lifting of /. 
Consider now the vector bundle morphism T*X\y ^y/x representing 
the cu-orthogonal C°° splitting of the exact sequence 

^ N*/x T*XiY T*Y 0. 

Let V/ = V^'V e H^U, L' ® T*X). Set V7 G C~([/, L' O iV*/^), obtained 
as a projection of V^'^f via the surjective bundle morphism T*X\y ^y/x- 
Assume that V^"V e C'^{U,L' O S^'^N*^^) has been constructed. Then 
Vi'0(V^-7) e C°°{U, L' ® S^~^N^/x ® T^X). We use here the same symbol 
V^'" to designate the (1, 0)-typc component of the Chern connection on L'® 
S^-'^N*^j^ equipped with the induced metric. Set V\f G C°°{U, L'^S^ Np^^)^ 
the projection of V^'°(V''~^/) via the surjective bundle morphisms 

S^-^N^/x T*X S^-^N*^^ ® N*/x S^N^/x- 

We have thus inductively constructed G C°^{U. V Nyix) for all non- 
negative integers j. The pointwisc norms . . . , | V*^/p(?/) arc therefore 
well defined at every point y &Y with respect to the metrics canonically in- 
duced on the respective vector bundles by the metric of L' and the reference 
metric u oi X. 

Definition 0.1.1 For a transversal k-jet f G A"T*X®L® Ox/Jy+^) 

and a weight function p > on U , we define, at every point y E Y nU, the 
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pointwise p-weighted norm associated to the section s by : 



and the L^^.^ weighted norm by : 



Y 



Example 0.1.2 Consider the case where X = Q is a bounded pseudoconvex 
open subset of C" containing 0, z = {zi,...,Zn) is the coordinate on C" 
and y = {zi = • • • = = 0} n Q. Take E ^ Q. x equipped with the 



trivial flat metric, L = f2 x C, and s = —r^ , . . . , —r^ . For all 

' ' \ ediamQ' ' ediamn I 

^ G fi, = ? ^^(diamfi^)^^ — '^'^^ '^^^ ^ then given by holomorphic 

functions Ua, \oi\ < k, on Y, and its weighted L^^.^ norm is given by : 

f \f\L(k)\^''ids)\-'dVY,^= f I J?J' ^VV,^+V f , dVy,^+--- + 



|a|=ik 



Y W\='-Y 



It should be noticed that the norm |/|^ ^ (k)hj) of the fc-jet / at the point 
y G F is independent of the choice of a local lifting /. Indeed, if / G H^{U, L') 
is another lifting of f\jj G H^(U, L' ® Ox/Jy^^), then / and / have the same 
transversal /c-jet on U HY (equal to f\i;). This implies that V-'/ = V-'/ at 
every point in U r\Y, for all integers j = 0, . . . , k. 

Notation 0.1.3 (a) For a transversal k-jet f G H^{U, A'"TJ(g)L®Ox/Jy+^), 
denote V-'/ := (V-'/)|;7ny; for all j = 0, . . . , k and an arbitrary lifting 
feH^iU,A^T^®L) off. 

(b) For every integer k > 0, set 

: H%X, A'^T* ® L) ^ H%X, A'^T^ ® L ® Ox/Jy+^) 

the cohomology group morphism induced by the projection Ox — > Ox/Jy^^- 

We can now state the jet extension theorem. 

Theorem 0.1.4 (Main theorem) Let X be a complex weakly pseudocon- 
vex manifold of complex dimension n, equipped with a Kdhler metric uj, L a 
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Hermitian holomorphic line bundle, E a Hermitian holomorphic vector bun- 
dle of rank r over X, and s e H^{X, E) a section assumed to be generically 
transverse to the zero section. Set : 

Y:^{xeX; s(x) = 0, A^(ds)(x) 0}, 

a subvariety of X of codimension r. Assume also that, for an integer k > 0, 
the (1, l)-form iQ{L)-\-{r+k) id'd" log |sp is semipositive and that there exists 
a continuous function a > 1 on X such that the following two inequalities 
are satisfied on X : 

(a) ie{L) + {r + k) id'd" log \s\^ > a'^ 



\s 



(b) \s\ < e"". 

If ft (Z X is a relatively compact open subset, define an associated weight 

function p ^ pn > by p{y) = ii , im ih ' '^^^^^ ^ 

\\Ds/\ \ sup{\\D^s^\\ + \\Ds^\\) 



stands for the Chern connection of E. 



Then, for every relatively open subset ft <Z X, and every k-jet f e 
H\X, A"r* ® L (8) OxPy^^), such that 

l\f\lMk)\^''ids)\-'dVy,^<+oc, 
there exists Fk G A"T^ O L) such that J^Fk = f and 





\Fk\ 


2 


\s\ 


2r ^ 


-log 





dVx,.<Ci'^ I \f\l,,^,)W{ds)r'dV, 



where d*"^ > is a constant depending only on r, k, E and sup ||i0(L)||. 

Explanations, (a) The section s G H^{X, E) induces a nowhere zero section 
A'^(ds) of the vector bundle K^iTx/TyY ® deiE and its norm |A^(ds)| is 
computed with respect to the induced metric on this vector bundle. The 
notation ||i0(L)|| stands for the norm of the curvature tensor of L viewed 
as a (1, l)-form on X. It is also worth mentioning that only hypothesis (a) 
is essential : if (a) holds for a choice of the function a > 1, we can always 
achieve (&) by multiplying the metric of £^ by a sufficiently small weight 
6"-^°^, where ip is a plurisubharmonic exhaustion of X and x is a real convex 
increasing function. Property (a) still holds after multiplying the metric of L 
by the weight e~^'^^^^'^o where cto = inf a{x). 

(b) Like in the original framework of the Ohsawa-Takegoshi-Manivel ex- 
tension theorem, it is highly desirable to extend this result to the case of 
D"-closed differential forms of bidegree (0, g), q > 1. The difficulty stems 
from the d operator not being hypoelliptic in bidegree (0, g), q > 1. We 
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are therefore at a loss for a way of ensuring regularity for the solution. This 
difficulty, already present in the work of L.Manivel ([Man93]), has not been 
overcome yet. We refer to ([Dem99], §5) for details. 

(c) The above statement extends straightforwardly to the case where the 
Hermitian metric of the line bundle L is singular. Indeed, a local singular 
weight 9? for such a metric of L can be realized as the decaying limit of a 
family of C°° functions = ^^Pe obtained by convolution with regularizing 
kernels. Since the constant Cr^^ depends only on the growth rate of the cur- 
vature form idd^p, a same constant exists for all (/j^. The estimate for (/?, with 
this same constant, is then obtained by a passage to the limit with s —> 0. 

The following theorem is a special case of the main theorem for a bounded 
pseudo convex open set Q C C". 

Theorem 0.1.5 Let fl G C"' be a bounded pseudoconvex open set and Y G fl 
a closed nonsingular subvariety defined by some section s e H^{X, E) of a 
Hermitian holomorphic vector bundle E of rank r with bounded curvature 
form. Assume that \s\ < e~^ on Jl. Let p > be the weight function defined 
as : 



\\Ds-^\\sMv{\\D^s^\\ + \\Ds^\\y 
where D is the Chern connection on E. 

Then, for any nonnegative integer k and any plurisubharmonic function 
(p on Q, there exists a constant Cr^^ > depending only on E, on Q and on 
the modulus of continuity of </?, such that for every holomorphic section f of 
On/Jy^^ satisfying 

J \f\L,Xk) \A^\ds)\-'e-^dVy<+oo, 

Y 

there exists a holomorphic function on fl such that J'^F^ — f and 



J i.i^^(-bg|.i)^ ^"^^"'-^-'7 \f\ip,M\^'(ds)r^--dVy. 

a Y 

The case of a singleton Y — {zo} is particularly interesting. The jet / 
at zq is given by complex numbers tta & C, \a\ < k, a = (ai, . . . , «„). Take 
s = (ediamf2)~^ {z — zq), viewed as a section of the trivial vector bundle 
£■ = Q X C". It is clear that Isl < and that : 
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Since — log |s| = - log |s| < ^, for all e > 0, we may replace log 
in the denominator by We thus get the following. 

Corollary 0.1.6 Let Q G be a bounded pseudoconvex open set and let 
zo ^ Q be a point. Then, for every positive integer k and every plurisubhar- 

(k) 

monic function (p on fi, there exists a constant Cn > depending only on 
the modulus of continuity of ip, with the following property. For all complex 
numbers I < k, there exists a holomorphic function f on Vt such that 

f{zo) = ao, ^{zo) = tta, l< \a\ < k, and 

f L/f e-'^^'UVoiz) < ^ I la A e-^("o) 

J \z-zo\^(^-^) ^ - £2(diam^])2(--) 1^ ' J 

We will split the proof of theorem 10 . 1 .41 into two parts. In the first part, 
the qualitative one, we make use of ideas of the original proof of Ohsawa and 
Takegoshi ([OT87], [Ohs88]) cast into a more geometric mould by Manivel 
([Man93]) and subsequently simplified by Demailly ([Dem99]), that we appro- 
priately fit into our generalized situation. The main idea is to use a "weight 
bumping" technique to concentrate the curvature of the line bundle L on a 
tubular neighbourhod of the submanifold Y. This leads to defining a new 
curvature operator and to proving estimates for this modified operator 
which are analogous to those of Hormander. The main tool is a Bochner- 
Kodaira-Nakano inequality due to Ohsawa ([Ohs95]). This step is performed 
in section 10. HI and is common to the proofs of theorems 10.1.41 and 10.1.51 

In the second half of the proof of theorem I0.1.4| the main goal is to 
achieve uniformity for the constant appearing in the final estimate. We 
deal separately with theorems 10.1.41 and 10.1.51 in proving the quantitative 
part of the result. In section 10.41 we apply Cauchy's inequalities to get a 
control of the growth of the fc-jet of a holomorphic function in terms of the 
growth of this very function, and we thus complete the proof of theorem 
10. 1.51 In order to get intrinsic estimates independent of the radius of local 
holomorphic coordinate patches on X in theorem l().1.4[ we make use of the 
exponential map that transfers the situation over to the tangent space to X 
at a point. In section 03} the Jacobi field technique will enable us to get a 
Riemannian geometric result related to the Ranch comparison theorem. In 
section 10. (j| building on this comparison theorem, we get the final estimate 
in the main theorem thanks to Garding's lemma on the solutions of elliptic 
systems. Finally, in section 10.71 we dispense with the smoothness restriction 
on Y through a little standard argument. 
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0.2 Ingredients 

We list here the main prehminary rcsuhs underlying the proof of the 
original Ohsawa-Takegoshi theorem. For proofs and details, see Demailly 
([Dem97]). 

The main idea in the proof of the Ohsawa-Takegoshi extension theorem 

([OT87, Ohs88]) was to derive and use a modified version of the Bochner- 
Kodaira-Nakano inequality. This version was subsequently improved by Oh- 
sawa ( [Ohs95]) in the following form. 

Proposition 0.2.1 (Main curvature inequality.) 

Let {X, u) be a Kdhler manifold with a nonnecessarily complete Kdhler 
metric, let {E, h) he a Hermitian vector bundle on X, and let r),X> be C°° 
functions on X. 

Then, for every ueT>{X, AP'^T^ ® E), we have : 

\\{r]^ + X^D"''u\\'^ + D"u\\'^ + ||A^ D'u\\^ + 2\\\-^ d'r] ^u\\'^ > 

> {{[r] ie(E) - id'd"r] - i X-^ d'rj A d"r], A^]u, u)) . 

In the particular case of (n, g)-forms, the forms D'u and d'rj A u vanish as 
having bidegree {n + l,q). Then the above inequality reads : 

\\{r)^+X^)D"*u\\'^+\\rj^ D'hW^ > {{[r]iQ{E)-id'd"r]-iX-^d'7]Ad"r), A]u,u)). 

This key curvature inequality enables one to infer the following ex- 
istence theorem which parallels Hormander's existence theorem ([Hor65, 
66]) for a modified curvature operator. 

Proposition 0.2.2 Let {X, uj) be a Kdhler manifold. The metric cu may not 
be complete but X is assumed to carry a complete Kdhler metric. Given a 
Hermitian vector bundle {E, h) and smooth bounded functions rj, X > on 
X , consider the curvature operator 

B ^b',!;,,,a - [r]iQ{E) - id'd"rj - iX'^ d'rj A d"rj, A^], 

acting on the sections of the vector bundle A"'*T^ (g) E, for some q > 1, and 
assume that B is positive definite at every point of X. 

Then, for all g e L^{X, A'^'T^ E) such that D" g = 0, and 

/ {B-^g, g)dV^ <+oo, 
Jx 

there exists f e L'^{X, A"'^-^^* (g) E) such that D"f = g and 

I {v + >^)-'\f?dV^<2 [ {B-'g,g)dV^. 
Jx Jx 
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In the course of the proof of the jet extension theorem we shall need to 
apply the above proposition on a modified metric of the vector bundle under 
consideration, obtained by multiplying the original smooth metric by the 
weight |s|~^'^''^'^'' which is singular along Y = {s = 0}. Since the above 
estimates only work for a smooth metric on a complete Kahler manifold, we 
shall restrict to X\Y. The following standard lemma ensures that X\Y still 
carries a complete Kahler metric. 

Lemma 0.2.3 (see, for instance, [Dem82]) Let (X, uj) he a Kahler weakly 
pseudoconvex manifold, ip a plurisubharmonic exhaustion and = {x G 
X; %p{x) < c}, for c G M. Let Y = {s = 0} d X he an analytic subset defined 
by a section s G H^{X, E) of a Hermitian vector bundle {E, h) over X . 
Then, for all c G M, X,\Y carries a complete Kahler metric. 

0.3 Proof of theorem 10.1.41 

Assume that the singularity set S = {s = 0, AJ'i^ds) = 0} of F is empty, 
which means that y is a smooth closed subvariety of X. This restriction will 
be finally lifted by a standard argument in section liTTI We argue by induc- 
tion on A; > 0. The case = is the d'Ohsawa-Takegoshi theorem. Assume 
the theorem has been proved for k — 1. Consider the short exact sequence of 
sheaves : 

S^N^y/^ Ox/ty^' ^ OxP^Y 

and let J^-^f G A"T^(8)L®0x/Jy) be the image of / G H^{X, A"T^® 

L®QxpY^^) via the induced cohomology group morphism. By induction hy- 
pothesis, there exists Fk_i G A'^Tj^ ® L) such that 

J^-^Fk-i = J^-^f and 

where C^^'^'^ > is a constant as in the statement of theorem l().1.4[ Thus the 
image of / - J''Fk-i G H^iX, A"r* ® L ® Ox/Jy+^) in H'^iX, A"T^ ® L ® 
OxPy) is J^'^f-J^'^Fk-i = 0. This allows the jet f-J^Fu^i to be viewed 
as a global holomorphic section (on Y) of the sheaf IsJ^Tx ® L ® S^Nyj-^ = 
A"T^ S''E*y. 

A C°° extension of the jet. We start off by constructing an extension / G 
A"T^(g)L) of the holomorphic fc-jet / G H°{X, A"T* ®L®Ox/Jy^^) 
by means of a partition of unity. Consider a covering of Y by coordinate 
patches f/j C X on which the vector bundles E and A"TJ L are trivial. 
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Let Cj be a nonvanishing holomorphic section of A"TJ ® L|[/., and si, . . . , 
holomorphic functions on Ui such that s\u^ — (si, . . . , s^) in a triviahzation of 
E\u.. The functions Si, . . . , Sr define holomorphic coordinates on Ui transver- 
sal to Y. Let z'l^^ — {zl^li, . . . ,Zn^) be holomorphic coordinates onYnUi, and 
write the restriction jet / as f\Ynu, = Wi®e^\Ynu^, with G H^{Ui, Ox/Jy""^)- 
The local fc-jet Wj is given by holomorphic functions at}{z'(^i-^) on F n C/j, in- 
dexed over multi-indices a — (ai, . . . , a^) G N*", with \a\ < k. Set 

4)) := ( E «a(4)) 5") ® e, G A"ri ® L). 

|a|<ifc 

Then J (0, ^r^^-j) = a^a{^[i))^ for all a, \a\ < k, and fi defines thus a local 

holomorphic extension of the jet / from Ui HY to Ui. Let 9i G T){Ui) be a 
partition of unity such that = 1 on a neighbourhood of Y. Then 

j 

defines a C°° extension of the jet /. Furthermore, we have : 
D"f^Y.^"eiAfi, D"f^O ony, 

i 

since all fi assume the same value at every point of Y and ^ d"9i = on 

i 

Y. Likewise, for any multi-index a — {ai, . . . , a^) G N^, \a\ < k, if we de- 
rive locally D"f along the directions s = (si, . . . , s^) transversal to Y, we get : 

I3<a i 

since for fixed a — P, all the D^'^fi assume the same value at every point 
of y (as A;-order extensions of the same transversal jet /). As the subvariety 
y = {s = 0} is assumed to be smooth, the Taylor development of D"f near 
Y shows that the C°° extension of / we have just constructed satisfies : 

\D"f\ = 0{\s\''^^) in a neighbourhood of Y. 

Weight construction ; weight bumping technique. Since we hardly 
know / away from Y, we take a truncation with support in a tubular neigh- 
bour hhod of Y. Let 

Cf-i) := if-Fk-i) G C~(X, A"r* ® L), 

where 9 : R — >■ R is a C°° function such that ^ = 1 on ] — oo, |], and 
Supp^ C ] — oo, 1[. It is clear that SuppCi*^"''^^ C < e}. We shall solve 
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the equation 



with the extra condition that , ,J — G L}„^ in a neighbourhood of Y . This 

condition ensures that well as all its jets of order < /c, vanish on Y . 

Let be a plurisubharmonic exhaustion of X, and set = {V^ < c} CC X, 
for all real c. The ideal thing would be to solve the equation (*) on X. 
For technical reasons which will become apparent later, we shall solve the 
equation (^) on Xc\yc, which is still complete Kahler thanks to lemma ID. 2. HI 
The desired holomorphic extension of the jet / will then be G^e' —Ue+Fk-i. 
The final solution will be obtained by passing to the limit with c — > oo and 

Consider now the following functions : 

a, := log(|s|2 + e^), Ve ■= e - Xo{crs), K := 

where Xo '■] ~ oo, 0] — — oo, 0], Xo(^) = t — log(l ^ t), for all ^ < 0, having 
the following properties : x(^) < ^! 1 < Xo — 2, = (i-t)^ ■ 

The function i]^ is close to +cx) near Y and decays upon getting away from 
Y. It allows therefore to concentrate the curvature of L on a small neigh- 
bourhood of Y. We define a new curvature operator : 

Be := [r/e (*0(-^) + {r + k) id'd" log |s|^) — id'd"r]e — idlrf^ A d"rie., A], 

and prove the estimate : 

Be > ^{d"Ve){d'\)\ 

as operators acting on the {n, g)-forms. Easy computations show that 



^ {D's, D's} {s, D"D's} _ {D's, s} A {s, D's} 

|s|2 + £2 + |s|2 + £2 (|s|2 + £2)2 

On the other hand, e{E) = D^ = D'D" + D"D', and since D"s = 0, owing 
to s being holomorphic, D" D's = Q{E)s. This finally yields : 

i{D's,D's} i{D's,s} A{s,D's} {ie{E)s,s} 



id d a, 



|s|2 + £2 (|s|2 + ^2)2 \s\^ + E 



2 



, , i{ D's, s} A {s, D's} 
We now use Lagrange's inequality : i{D's, D's} > — —rz — ^ to 

get : 
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7^'^"n- > i{D's,s}A{s,D's} _ {»e(g)s,s} _ j^-,, . _ {ie{E)s,s} 

ma(j£^|^|2 (|s|2+e2)2 |s|2+£2 - |^|2 i« CTg /\ a CTg |^|2^^2 • 

On the other hand, d'rjs = —x'oi'^e) d'a^, d"rje = —Xo{<^e) d"as, and 
-id'd"r], = Xo(c^e) id'd"a, + Xoi^Te) id' a, A rf'V, > 

Let us multiply now the original metric of L by the weig ht Isj-^C'^+^O ; the 
curvature of this new metric satisfies the inequality 

{iQ{E)s, s} 



iQ{L) + {r + k)id'd"\og\sY > a 



thanks to hypothesis (a). Indeed, the inequality still holds with the denom- 
inator |sp + instead of |sp, owing to the semipositivity of the left-hand 
term. On the other hand, |s| < e~" < e~^, which entails cr^ < for e small, 
and 

T^e > 6 — ae > 6 — log(e~^" + 

In addition, we have : rj^ > 2a, for e < e{c) small enough. This, along with 
the previous inequalities, implies : 

r)e{ie{L) + {r + k)td'd"log\s\^)-td'd'\-^^td'r]sAd"r]e > ^ td'7]sAd"r]e, 
on Xc- Set Ag = and get 



Be-. 



> 



Ve{iQ{L) + {r + k) id'd" log Isp) - id'd"r]e - Aj^ id'7]^ A d"r]„ A] > 
id'rjs A d"rii;, A 



2 s 



2 s 



£ ) 1 



as operators acting on the (n, g)-forms. 

9-resolution with estimates. We shall now solve the equation (-k) by 
means of proposition I0.2.21 In order to avoid the singularity of the weight 
|_g|-2(r+fc) a^iQj^g de Y, we prefer working on the relatively compact open subset 
Xc \ Yc, where Y^ = Y (1 X^ = Y (1 {ip < c} , instead of working on X itself. 
We need verify first that the a priori condition required in proposition 
10.2.21 is satisfied. Easy computations show that : 

D"Gt'^=gP+gP, where 
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^« ^ (1 + \^)e'{\^)d"a, A (/ - 

gf) ^e(}-^)D"{f-F,_,). 

Since gl converges uniformly to on every compact when e tends to 0, it 
will have no contribution in the limit. Indeed, Supp ((j'P'') C {\s\ < e} and 
\gi^^ \ = 0{\s\''^'^), since we have previously shown that \D"f\ = 0{\s\'^^^) in 
a neighbourhood of Y. This imphes that : 

Xc\Yc 

if is locally uniformly bounded below in a neighbourhood of Y. If this is 
not the case, we solve the approximate equation D^'u + S^h — g^, where 5 > 
is small (see [Dem99], Remark 3.2, for the details). Since there is no essential 
extra difficulty in this case, we may assume, for the sake of perspicuity, that 
we have the desired lower bound for B^. 
As for gi^\ we get the following estimate : 

/ {B:'gP,gi'^)\sr^^-'''UVx,^<8 J |/-F,_,|V(^) dy...- 

Indeed, 

gi'^ = -(i + ¥m¥)x()(^.)-^A.A(/-i^.-i), 

and therefore : 

{B;\d% A u), {d"rj, A u)) < ?\f{{d"r^^)-^*{d"ve)-\d"r), A u), {d'\ A u)) = 

Furthermore, ^ < 2 and (1 + ^-$-)^q{(t^)~^ < 2, on Suppc/i^^ C {|s| < e}. 
This implies 

{B-'g^^\g^^^)<8e'{\^f\~f-F,.,\\ 

llz = {zi, . . . , Zr) is an arbitrary local holomorphic coordinate system transver- 
sal to F, we have 



|A'-(ds)|2 |A'-(dz)|2' 

the norms of the sections K'\ds) G A' (Tx/Ty)*®det E) and lV{dz) e 

H^{U, K^{Tx/TyY) being computed with respect to the metrics induced on 
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the respective vector bundles by a; and by the given metric on E. 



The integrand of the last integral can be locally written, after the change of 
variable s ^ e s, as 



r + k "-^ Ul \'-' 1 ■ 



Since J^^^ f — J'^^^F^-i = 0, the Taylor series development yields : 

l"l + |/3|>fc ^ 

= £»(/ - + 0(|m|'+') = V'(/ - + 0(|£S|'+1). 

The first sum ranges only on multi- indices a and /3 such that if |a;| + = /c, 
then |a| = k. 

This shows that ^^'^ ~ ^ converges to |V'=(/- J*^Ffc^i)(^')P, (see 

notation I0.1.3|) . uniformly on every compact, when e —>■ 0. 

We have thus proved that : 



Xc\Yc 

where Cr,k '■= J 



2N2 iA'Xdz) AA''{dz) 



\A'-{ds) 



2eC'-,|z|<i 

It is worth noticing that \V'^{f — J''Fk_i)\ = \ f — J'^Fi,_i\, where \ f — J''Fk_i\ 
is the norm of the section : 

/ - J^F,,_i G H%Y, A"T* ®L® S^N^ix) 

with respect to the metric induced on S'^Nyjx by the reference metric uj on 
X. Indeed, S^Ny/x is a subbundle of {S''Tx)\y ] we merely take the metric 
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induced on S^Ny/x by restriction. 

The condition required beforehand in proposition l().2.2l is thus satis- 
fied. The solution Uc,s to the equation (*) D"uc^s = D"G^£^'^'^ = gi^^ + gi^^ on 
Xc\Yc satisfies then the estimate : 



Indeed, we have used the following obvious estimates : 

as = log(|s|2 + < log(e-2° + £2) < _2« + ©(e^) < -2 + ©(e^), 

Ve = e- Xo{(^e) < (1 + 0(£))(t2, 

A. = = (1 - ^ef + (1 - a,) < (3 + 0(e))a2, 

Vs + Xs<{^ + 0(£))a2 < (4 + 0(5))(- log(|.|2 + e')Y. 
The extension of / to Xc\Yc is given by : 

Locally at an arbitrary point of Y, this means that all partial derivatives of 
ordre < A; of Fc^J are prescribed by /. The function G'i'^"^^ is on a tubular 
neighbourhood of Y and Supp G'i'^"^'' C {|s| < e}. This implies that : 

(2) 



2 



Since 



(loge)^ 







2 


\s\ 


\^^{-\og{\s 


|2 + e2))2 







2 


|s|2{r+fc)(_ 


log(|s| 


|2 + £2))2 



(1), (2) and the induction hypothesis made on the norm of Fk-i imply 
the estimate : 





2 




|2 + e2)r(_log(|5| 


|2 + £2))2 



■dVx,^ < 

Xc\Yc 



14 



. ..^ / iV^U^^f^Fj^ f , Const ^ 

'y, |A'^(rfs)p— ixJsrH- log (loge)2 



< 16 a. 



where a^''^ = d^'"^^ + 16^,^- 

We also have D"Fc^J = on Xc\Yc, by construction. This relation extends 
from Xc\Yc to Xc because Fc^J is Lf^^ in a neighbourhood of Yc. This is 
guaranteed by the following standard lemma on the d operator (see, for 
instance, [Dem82]). 

Lemma 0.3.1 Let Q be an open subset o/C" and Y an analytic subset ofQ. 
Let V be a {p,q — l)-form with Lf^^ coefficients and w a {p, q)-form with L]^^ 
coefficients such that d"v = w on Q\Y (in the sense of distributions). Then 
d"v = w on Q. 

The ellipticity of the operator d in bidegree (0,0) ensures that Uc,e is C°°. 
Consequently, Fc^J is as well. 

We have thus obtained a family of solutions (Fc^e)^, along with esti- 
mates of these, on the relatively compact open subset Xc of X. By extracting 

(k) o 

a weak limit when e 0, we thus get a solution Fc and an L estimate of 
it on the relatively compact open subset Xc, for all c > 0. 

0.4 Estimation of the solution in theorem 10.1.51 

In order to get the final estimates in theorems 10.1.41 and I0.1.5| it remains 

A-{ds)f-. 

We will be dealing in this section with theorem 10. 1.51 where the analysis 
is simplified by the ambient manifold being an open subset fl C C". We 
will use the Cauchy inequalities (or, equivalently, Parseval's formula). In the 
more general case of theorem I0.1.4| such an approach would yield a constant 
depending on the radius of the local holomorphic coordinate balls of X. 
Since this is an uncontrollable quantity, we will avoid this arbitrariness in 
the subsequent sections by means of the exponential map replacing locally 
the ambient manifold X by its tangent space at a point. 



to estimate / tt— dVv nj 

\A^(ds)\'— 
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Let uj be the standard Kahler metric on Vt. Since the curvature of E is 
assumed to be bounded, there exists a constant M > such that iQ{E) < 
Moj Id^;. Set L = X C, equipped with the metric of weight e""^"^'^' , 
with a constant A ^ 0. If we set a = 1, the condition (a) of theorem lU. 1.41 is 
equivalent to 



id'd'ip + Aid'd"\zY + {r + k) id'd" log I si' > 



{ie{E)s,s} 



Since id'd"^ > 0, id'd"\og\s\^ > 



{ie{E)s,s} 



and 



{ie{E)s,s} 



|s|2 ' "^^^^ \s\2 



< Moj, this rela- 



tion is satisfied as soon as A has been chosen large enough. This choice of A 
depends on the bound M of the curvature tensor of E. 

Let ^ : r2 — > M be a C°° plurisubharmonic exhaustion of fi, namely a func- 
tion such that the level subsets Vt^. := {ip < c} are relatively compact in Vt for 
all c > 0. We may assume that Q! = Qc for some c, and denote Yc := Y (iQc- 
Consider now a covering of Yc by open subsets Uj, j = 1, . . . , p, such that 
on every Uj there exist local coordinates z = {z', z"), z' = {zi, . . . , Zr), 
z" = {zr+i, . . . ,Zn) for which Y n Uj = {z' = 0}. Pick such a Uj and as- 
sume that Uj = B'{0, p) X 5"(0, p) C 5(0, pV2), where 5'(0, p) is the ball 
of radius p of C, -B"(0, p) is the ball of radius p of C""*", and 5(0, p\/2) is 
the ball of radius pV2 of C". The jet V^{J^Fk _i) can be written on Uj as 
S h. ^ q}^^ (0, y)^;'", and its norm is given by 

|Q!|=fc 



k-1. 



E 

|o|=A; 



-2</p{0,z")-2A|z"|2 



Parseval's formula applied for z' G -B'(0, p) gives 



Const 



P 



2r 



\Fk-i{z',z")\'d\{z') = J2 



P 



2\a\ 



2r + 2\a\ 



> 



z'eB'(o,p) 



\a\=k 

where Const is a universal constant. Consequently, 

'"^4^(0, z") 2 



a! 



2(r + A:)^ 



\a\=k 



dz 



al 



^-2^{0,z")-2A\z"\-' 



< Const 



\A^{ds){0,z")\' 
2{r + k) 



r + fc 



< 



P 



,2(r+fc) 



\Fk-l(z , 



/ /'Ml 2 



z'eB'(o,p) 

for all z" G -B"(0, p), where we have denoted by 



A'(rfs)(0,2")P 



(iA(2;'), 
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the norm of the section Fk_i in the hne bundle L. Due to an inconsistency 
in notation, this vector bundle norm 1 1 1 1 is the same as the one we had de- 
noted by I I in the induction hypothesis (see start of section 0.3). Let £ be a 
modulus of continuity for ip, namely a function such that 

\ip{z',z")-ip{0,z")\<e{\z'\), ^{z',z")e (jU„ 
and e{5) i when S 10. 

Since < £{p) for z' e B'{0, p), the previous estimate entails 



E 

\a\=k 



g-2v(0,z")-2A|z"|2 



< 



\A^-{ds)iO,z")\'^ 
< Const ^^^e^(^(^)+^^^) SUP ^ ^"r{-^OE\s{z' , z")]? 



/ 





\Fk-i{z',z")\ 


2 


\s{z',z" 


log 




z',z")\r 



dX{z'), 



z'eB'{o,p) 



for all z" G B"{0, p). A topological property of Y ensures that there exists 
a nonnegative integer N such that the covering {Uj)j of Yc can be chosen 
in such a way that #{j ; Uj 3 y} < N. An integration with respect to z" 
in the previous inequality, a summation on j, and obvious upper bounds yield 

J A'^(ds)P r ^4^+^=) J Isl^'^(-loglsl)^ 

^ \s{z',z")\^^{-\0g\s{z',z")\y ,N 

if M(c)= sup ' ^ „' anda,fc = Const2(r + A;). 

{z',z")en' \A'-{ds){0,z")\r 

The radius p of the local holomorphic coordinate charts on which the sub- 
variety Y can be redressed is explicitly given by the following elementary 
lemma which is a refinement of the local inversion theorem to express the 
"size" of the ball on which we have a local diffeomorphism. 

Lemma 0.4.1 Let E and F he Banach spaces, U an open subset of E, and 
f : U ^ F a map such that its differential map dfa : E ^ F at a point 
a ^ U is a bicontinuos isomorphism. 

Then the open neighbourhood V of a, given by the local inversion theorem, 
on which f is a diffeomorphism onto its image, contains the ball B{a,p), 

where p 



6{\\df-m){sup\\d^f,\\y 
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We leave the elementary proof of this lemma to the reader. It can be easily 
obtained from the proof of the local inversion theorem. Since the subvariety 
Y is defined by the section s G H^{X, E), we infer the explicit form of the 
weight function p featuring in the statements of theorems 10.1.41 and 10.1.51 
Indeed, if 6 : E\u — >■ ?7 x is a trivialization of E\u, and (ei, . . . , e^) the 
corresponding local holomorphic frame of E\u, the restriction of s to U can 
be uniquely written as 

r 

s = ® o-j G 0{U). 

i=i 

If D is the Chern connection of the Hermitian holomorphic vector bundle E, 
the operator D can be written as 

Ds ~5i(icr + y4Acr, 

where A = {ajk) is the matrix of 1-forms representing the connection D in 
the trivialization 6. Since the coefficients ajk of A are locally bounded (by 
constants depending implicitly on E), lemma 10.4.11 and the expression of d 
in terms of D show that the radius of the coordinate ball on which Y can be 
redressed in a neighbourhood of a point y &Y is bounded below by 

Cp{y) = C^ 



DSy^\sM\\D^s^\\ + \\Ds^\\y 



the constant C > depending only on E. This completes the proof of theorem 

Em 



0.5 A Rauch-type comparison theorem 

Recall that theorem l0.1.4l was set on a Kahler manifold {X, uj). In order to 
get final estimates independent of the radius of local holomorphic coordinate 
balls of X, we prefer working on the tangent space to X at a point instead 
of X itself. The exponential map locally identifies X to its tangent space. In 
order to estimate the deviation of the pull-back of uj to the tangent space 
from the standard Euclidian metric on this very tangent space, we need to 
establish a Riemannian geometric result related to the Ranch comparison 
theorem (see, for instance, [BC64], page 250). The proof of this result will 
be a slight reshaping of the proof of Ranch's theorem and will use the Jacobi 
vector fields theory and an elementary Gronwall-type lemma. 

Let (M, g) be a complete Riemannian manifold, m G M an arbitrary 
point, and exp^ : TmM — > M, the exponential map at the point m. Let 
Id := Ht^a/ and, for an arbitrary point x G TmM, consider the tangent 
linear map (or the differential) Tj;exp^ : T^M — > Texp^(x)M of exp^ at the 
point X. We can identify T^M and Texp^(a;)^ via the isometry defined by 
parallel transport along the geodesic sprung from x. Our goal is to estimate 
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||TEexp„, - Id 1 1 

in terms of when x ranges over the tangent space T^M. Let u G 

TmM, \\u\ \ = 1, and 7^ the geodesic sprung from u. We thus have 

7„(0) = m et 7„(t) = exp^{tu), 

for all t in the definition interval of 7u. Recall that a vector field Y along 
the geodesic 7„ is said to be a Jacobi field if it satisfies the second order 
differential equation 

y"+i?(7;,y)7; = o, 

where R is the curvature tensor of (M, g) defined as R{X, Y)Z = VyVx-Z' — 
Vx'^yZ + V[x,Y]Z- is a well-known fact that the differential of the expo- 
nential map is given by a Jacobi field. More precisely, for any u,v & T^M, 
we have the relation 

iTtuexpJ{tv)=Y{t), 

where Y is the unique Jacobi field along 7^ such that Y{0) = and Y'{0) = v. 

Assume now the sectional curvature of (M, g) to be bounded, namely that 
there exists a constant k > such that 

-k < K{p, P) < k, 

for every point p E M and every plane P C TpM, where K{p, P) stands for 
the sectional curvature of the plane P. So that we may estimate | |Ta,exp^ — 
Id 1 1 we need estimate 

||(r,„expJM -Id(t^)|| = \\Y{t)-Y'm\, 

when t ranges over R. We need therefore an estimation of Y which is known to 
satisfy a second order linear differential equation. The following elementary 
lemma, of Gronwall-type, provides the necessary estimation. 

Lemma 0.5.1 Let v : [0, T] ^ M 6e a function, v >0, such that v{0) — 
0,v'{0) and 

—kv < v" < kv, on [0, T], 

where k > is a constant. Then, 

A^sm{Vkt) < v{t) < A^smh{^/kt), for all t e [0,r]. 

Proof. Let us first prove the right-hand inequality. Let u be the solution to 
the Cauchy problem u" = ku with initial conditions m(0) = and m'(0) = 1. 
Then, u{t) = -^smh.(\/kt). In particular, u > 0, and u{t) = if and only if 
t — 0. The hypothesis shows that 
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< A; = 2^ ^ iv'u - vu')' <Q^v'u- vu' < 0, 
on [0,r]. This implies 

(s)'<o^3l<s(M, 

for all t e [0,T]. Therefore, 
^;W<S(0+)^sinh(V^i), 

for all t e [0, T]. On the other hand, we see that 

JU+j - hm - hm - ^,(0) - A, 

which proves the right-hand inequality. Let us now prove the left-hand in- 
equality. 

Let u be the solution to the Cauchy problem = —ku^ with initial con- 
ditions m(0) = and ?7/(0) = 1. Then, u{i) = -^sm(y/kt). In particular, 
u>0, and u{t) = if and only if i = 0. By hypothesis, we see that 

vl> -k = i^^ (v'u - vu'Y >0^v'u- vu' > 0, 

on [0,r]. This imphes 

for all t e [0, T]. Consequently, 
^;(t)>^(0+)^sin(x/^t), 

for all t e [0,T]. As before, ^(0+) = ^ = A, which proves the left-hand 
inequality. □ 



We shall apply now this lemma to the components Yj of the Jacobi field 
Y = (Yi, . . . , Y2n) which are real functions satisfying Yj{Q) = 0, Yj{0) = Vj, 
and —kYj < Y'- < kYj, for all j = 1, . . . , 2n, where 2n is the real dimension of 
the manifold M and v — {vi, . . . , V2n) are the components oiv E T^M ~ IR^". 
We get 

\m-Y^{o)t\'< 

if we also use that inequality sina; < a; < sinhx, for a; > 0. A summation on 
J = 1, . . . , 2n gives 



sinh(\/fct) 
Vk 



for j = 1,..., 2n, 
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||F(t)-r(o)t||< 



smh{\/kt) 



y/k 



for all t,v,u. We subsequently get, after dividing out by t, that 



muexpj{v)-ldiv)\ \ < 



smh(\/~kt) 
Vkt 



|Tj„exp„ - Id 1 1 < 



ih(v^t) 



Vkt 



for all t, u. If we set x = tu, we find 



|T^exp^ - Id 1 1 < 



sinh(Vfc||z||) 
Vk\\x\\ 



- 1 



for all xeTrr,M. 



Since sinhx > x, for all x > 0, the absolute value is superfluous in the 
right-hand term. We have thus proved the following. 

Proposition 0.5.2 // there exists a constant k > such that 

-k < K{p,P) < k, 
for every point p E M and every plane P C TpM, then 

sinh(-\/A;| l^l P 



|T^exp„ - Id 1 1 < 



Vk\\ 



1, for all X G TmM. 



x\ 



Remark. The Ranch comparison theorem estimates ||Ta;exp^||. The above 
proposition estimates the distance between T^exp^ and Toexp^ = Id. The 
latter is therefore slightly more general. 



0.6 Final estimate 

In order to complete the proof of theorem lU.1.41 it remains to get a uniform 



control of 



|A'-(ds)|2^ 



dyY,ui fsee the end of section 10. 3|) . 



Fix a point yo E Y C X , and let $ := exp^^^ : Ty^X — > X be the exponen- 
tial map. The Kahler metric u on the weakly pseudoconvex manifold X can 
be made complete by a standard well-known procedure. We may therefore 
assume, without loss of generality, that the exponential map is defined on the 
whole tangent space. Let uo be the standard Kahler metric on the Euclidian 
space Ty^X ~ C". Our first goal in this section is to find an explicit formula 
for the radius of the ball in the tangent space Ty^X on which the two metrics 
and ujq can be compared. Let us set 

(0.6.1) r(yo) := sup{r > ; sup r^+^ \\Ve{Tx){x)\\ < lO'^"}, 

xSB(yQ, r) 

0<l<m 
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where a > is a constant to be specified later, and V'6(Tx) stands for tlie 
^tli QYdei derivative of tlie curvature tensor 0(Tx) viewed as a section of the 
C°° bundle A^'^Tj^ (8> Hom(Tx, Tx)- Locally, this boils down to deriving the 
coefficients of <d(Tx). In particular, we get 

sup \\Q{Tx)\\ < ^ := K 

and hence the following bounds for the sectional curvature of the manifold 
X : 

-k < K{p,P) < k, 

for all p G B{yQ,r{yQ)), and all planes P C Ty^X in the tangent space at i/q 
to X. 

This shows that the hypothesis of proposition 10 . 5 . 2l is fulfilled in the ball 

B{yo,r{yo)). Then we get 



,^ ,, sinh(vA;| kl I) 



for all V G Ty^X, such that \\v\\ < r(yo)- If ll^ijGxpj^^ ~ Id|| < 1, the map 
Tyexpy^ is invertible. Consequently, exp^^ is an immersion on B{0,r{yo)) C 

TygX, if '^"^'^/^i^i^^^'' < 2 for all v such that ||f || < r{yo). To achieve this, it is 
enough to have 

(1) '^^^<2. 

On the other hand, we need a value of the constant a such that we may 
have the bounds 

{•k^) ^Uq < exp*^c<j < 2^0, on the ball i?(0,r(?/o)) in Ty^X. 
In order to have these bounds, it is enough to have 

i < ||T„expj^J| < 2, 
for all V G Ty^X such that ||f || < r{yQ). We thus infer from {-k) that 



MVk\\v\\) ^ II ^ sinh(v^ll^ll) 



r, _ «miHV»:||t.||; ^ rp ^ 

^ sfk\\v\\ - W^^'^^^y^W ^ 



for all V G T^^X, 1 1^;! | < r(yo)- This shows that it is enough to have '^"^'^/ri^ll^^^'' ^ 



VfcllHI 



2' 

anteed as soon as the constant a satisfies the inequality 



for all V such that | |f 1 1 < r(?/o) = The bounds i^-k) are therefore guar- 



/r,N sinh(10-°) ^ 3 
lo-a ^ 2- 

In short, we have proved the following. 
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Lemma 0.6.1 For a choice of the constant a > satisfying inequality (2), 
and for r{yo) defined by relation (0.6.1), the exponential map $ = exp^^^^ is 
an immersion and the bounds {-k-k) hold on the ball B{0, r(yo)) iiT' the tangent 
space Ty^X. 

Lemma 10.4.11 shows that there exist local holomorphic coordinates ( = 
(C, C"), C = (Ci, • • • , Cr), C" = (Cr+1, . . . , Cn) on the ball B{0, r) C Ty,X 
such that the subvariety ^^^(Y nB{yo, r)) C -8(0, r) is defined by the equa- 
tions C' = 0, for the following radius 

r = p{yo 



Q\\DSy^\U sup(||(Z}2,^|U + ||D.5|L 
Moreover, the bounds {k-k) imply 



1 

" 24||Ds-/|U sup(||D2,^|U+||Ds5|U) '~ 

In the above expressions all sup are computed for ^ G B{yQ,r{yQ)). Let us 
set from now on : 

(0.6.2) ri(?/o) = min(r(?/o), ro{yo))- 

Recall that Fk-i G H°{X, A'^TJ ® L) is the extension of the jet / G 
H%X, A"T^®L®OxPy+^) to order A;- 1 given by the induction hypothesis 
of theorem 10.1.41 (see the beginning of 10. 3p . The holomorphic line bundle 
L' := A^Tx^L is equipped with a C°° Hermitian metric h. Let us consider the 
C°° line bundle $*L' equipped with the metric (f)*h and the section G 
C°°{Ty,X, $*L'). 

Let Jx G End(Tx) be the complex structure of the manifold X and J : = 
$*Jx the almost complex structure induced on Ty^X. If Jq is the canonical 
complex structure of Ty^ ~ C", the map $ is not (Jo, Jx)-holomorphic, but 
it certainly is (J, Jx) -holomorphic. If iG(L') is the curvature form (of type 
(1, 1)) of (L', h), $*(ie(L')) is a type (1, l)-form for J on Ty^X. 

Lemma 0.6.2 There exists a real function (p G C°° on the ball B = B{0, ri(?/o)) 
in the tangent space Ty^X such that idjdjip = $*(iO(L')) and 

sup\<p\ < Csup||$'^(ze(L'))||, 

B B 

where C > is a constant depending only on ri{yo). 

Proof. With respect to real coordinates xi, . . . , X2n on B, the real d-closed 
2-form $*(z0(L')) can be written as $*(i0(L')) = '^ij dxiAdxj, with func- 

i<j 

tions Vij G C'^{B). The Poincare lemma gives the explicit formula : 



U{x) = X] ( / t Vij{tx) dt I (xj dxj — Xj dxi), 
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for a C°° solution of the equation dU = ^*{iQ{L')) on B. We see then that 

with a constant Ci > depending only on the radius of B. With respect to the 
almost complex structure J, the real 1-form U decomposes asU = U^'^ + U^'^, 
with C/O'i = TP^. Then dU = djU^'^ + d]U^, since dU is of type (1, 1) for 
J. The almost complex structure J is integrable as the inverse image of 
an integrable almost complex structure. Let {zi, . . . , Zn) be J-holomorphic 
complex coordinates centred at on a neighbourhood of the ball B C Ty^X. 
We thus have djU^'^ = on 5. The bounds relating the metrics uj 

and ujq, allow us to assume that the ball B is J-pseudoconvex (if not so, we 
multiply the radius ri(yo) by a fixed constant). Since for an integrable almost 
complex structure we have the same formalism as for an complex analytic 
structure, a classical result on the solvability of the d operator on bounded 
strictly pseudoconvex domains with a boundary in (see, for instance, 
[HL84], theorem 2.3.5.), yields the existence of a constant C2 > depending 
only on the radius of the ball B, and of a solution to the equation djv — C/°'^ 
on B obtained by an explicit integral formula, such that 

I |'f^||L°°(B) < C2 \ \U^'^\\loo(^b) < 2C2 I |i:oo(B). 
Then := i{v — v) is the function we were looking for. □ 

Since 4> is an immersion on 5(0, Ti(yo)), there exists a neighbourhood V C 
-5(0, ri(yo)) of such that is a diffeomorphism of V onto a neighbourhood 
U ol yo m. X. Let '4> : U ^ V he the inverse diffeomorphism. In a local 
trivialization of L' in a neighbourhood of uq, the section can be written 
as -Ffc-i = u®e^ for a local holomorphic frame e. The function v = is then 
C°° on V, and u being holomorphic implies : d{vo%l)) = 0. If 2; = {zi, . . . , z„) 
is a system of local holomorphic coordinates on t/, this means that v is a 
solution to the following elliptic system 

Let us remind now a standard differential operator theory result. Garding's 
lemma controls the growth of the derivatives of a solution to an elliptic 
equation in terms of the growth of this very solution. This lemma plays the 
role of Cauchy's inequalities in the nonholomorphic case. Let ifj*"^ be the 
Sobolev space of locally functions whose all derivatives in the sense of 
distributions up to order j are still locally L^, and let || \\j be its Sobolev 
norm. We refer for the details to [Agm65] (lemma 6.1 and theorems 6.2-6.7, 
pages 53-67). 

Theorem 0.6.3 (theorem 6.5 in [Agm65]) Let fl be an open subset ofW^, 
andAi{x, D), . . . , A^^x, D) differential operators of respective ordersrui, . . . , m^, 
with coefficients e C°°, which make up an elliptic system in Q. Let 
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u e Ll^i^l) such that Ay G H^^'^i^), for alli = l,...,N. 

If j := min(mi + ki, . . . , rriN + k^), then u G Hj°^{fl). In addition, for all 
Q' CC Q, there exists 7 = 7(Aj, Q', Q) such that 



N 



H\j,n' < 1 {^\AiU\k„n + ||M||o,n), 



i=l 



where 7 = Const ■ p ■ N ■ K ■ M , Const is a universal constant, p = p{n, I) = 

card{a G N"| |a| = /}, K = sup \dal^{^)\, M = sup |a^(x)|. 

S,en',\a\<i,i xen',\a\<l,i 

The actual dependence of the constant 7 on the data is not exphcit in 
[Agm65] , but it can be easily inferred from the proofs given there to theorems 
6.2 — 6.7. Also, there is a slightly more general statement there in which the 
coefficients of the operators Ai{x,D) are only assumed to be "s-smooth". 

Since f is a solution to the elliptic system {-k-k-k), the previous theorem 
shows that we have the estimate 



sup Yl 

IIC"ll<^i{?/o)|„|=fc 



— — fO C") 



< Ik 



B{0,ri{yo)) 



, sup I \djip\ \), Pk = Cardjal \a\ = k} 



where 7^ = Const ■ Pk ■ max (sup 

and Const is a universal constant. For the following norms computed in the 
Hermitian vector bundle equipped with the local weight (p, 



we get the estimate 



/ 



IIC"ll<|n(?/o) 



E 

\a\=k 



f^(o, C") 



——(0 C") 



< Ik 



-2^(0, C") 



dC< 



I /•//M|2 



/ A//N|2^-2.p{C',C") 



|^(C', C")ire2(^(^'^")-^(°'^"))rfA(C', C"), 



'B(0,ri(2/o)) 

and also, thanks to lemma ID. 6. 2[ 



(3) 



IIC"ll<^n(s/o) 



\a\=k 



— — CO C") 



dC <lkCv 



2Csup||je(L')ll 

where the constant Cl' '■= e ^ depends only on the growth of the 

curvature of V . 

It remains to infer from the estimate (3) for v an analogous estimate for 
u. If z is the variable on f/ C X, and C, is the variable onVc Ty^X, the 
change of variable ( = iIj{z) implies the following estimate for u 
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(4) IMlu'nY <'fkCL'\\u\\lu, U'CCU, 

where = Const ■ pk ■ sup Hd^T/^H, Const being a universal constant. 

i<i<fc 

Proposition 3 already gave an estimate for the norm of the differential 
map of 0, and implicitly for the differential map of ip. The formula for 7^ 
would also require an estimation of the growth of the differentials of order < k 
of ip- It is clear that sup Hfi^V'll is bounded above by a constant depending 

i<;<fc 

only on the radius ri(?/o) of the ball on which we are working. These are 
standard computations that can well be left to the reader. 

We are now in a position to conclude that the constant Cr'^^ in the state- 
ment of theorem lU . 1 .41 depends only on r, on k, on E, and on sup ||i0(L)||. 

a 

0.7 The case of a singular subvariety 

A standard argument shows that the restriction imposed at the beginning 
of section KOI on the singular set E = {s = 0, A'^{ds) = 0} of F to be empty 
is superfluous. Indeed, since the section s G H^{X, E) is assumed to be 
generically transverse to the zero section, we can find a complex hypersurface 
Z (Z X such that S C F fl Z C y. If the ambient manifold X is Stein, the 
complementary of Z is still Stein. We can therefore apply theorem l().1.4l to the 
Stein manifold X\Z and use lemma lD.H.ll to extend the estimates across 
Z. In the general case of a weakly pseudoconvex ambient manifold X, we can 
apply the Stein case on coordinate balls Uj to construct local holomorphic 
extensions fj of the jet / satisfying estimates /^^ l/jPkl"^^ (— log dV < 

+00, and we set foo = Yli fj^ ^'^^ ^ partition of unity {Oj)j. □ 

j 
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